ABSTRACT. Markets where asset prices follow processes with jumps are incomplete and any portfolio hedging against large movements in the price of the underlying asset must include other instruments. The standard approach in literature is to minimize the price variance of the hedging portfolio under a certain choice for the jump size distribution. This paper generalizes the hedging strategy of Kennedy et al. [14] to minimize the weighted variance of hedging portfolio price and Greeks (sensitivities of portfolio values to changes in the state variables or models parameters). The new approach yields improved hedging portfolios over long horizons (i.e., semi-static and static hedging) and for time-varying model parameters (e.g., stochastic volatility or jump arrival rate). From the computational perspective, this paper develops a new Fourier transform-based numerical method for computing the Greeks of European options with arbitrary payoffs by extending the work of Jackson et al. [11] . The new computational method allows to rapidly compute the hedging portfolio weights of the generalized hedging approach. We demonstrate the precision and efficiency of the new numerical scheme and perform a comparative analysis of various hedging approaches.
1 Introduction The problem of hedging financial derivatives in markets where assets are driven by processes with jumps is quite challenging. By imposing delta neutrality, the diffusion risk can be eliminated in the limit of continuous trading in a finite number of hedging instruments. However, in order to completely eliminate the risk embedded in the jump of the price of the underlying asset, the hedging portfolio must include an infinite number of hedging instruments, assuming an infinite number of possible jump states, which is clearly impractical. Approaches for minimizing the jump risk have been discussed by Bates [3] , Anderson and Andreasen [1] , He et al. [9] , and Kennedy et al. [14] . The unifying idea is to minimize the jump risk in some optimal sense using only a finite number of hedging instruments. The portfolio weights are chosen to ensure that if a jump occurs the change in the price of the entire portfolio (short position in derivative and long position in hedging instruments) is small.
The first thrust of this paper is to introduce a more generalized hedging approach, which extends the work of Kennedy et al. [14] to incorporate not only the portfolio price changes but also changes in the various Greeks. Changes in asset prices are not the only risk faced by market participants-rapid changes in market implied volatility can also bring a hedging portfolio significantly out of balance. The new approach that we propose allows to construct hedging portfolios that are effective not only under changes in asset prices but also model parameters, such as volatility, jump arrival rate, etc. Since controlling the price and the various Greeks errors are competing objectives, they must be appropriately weighted. As our numerical experiments show, a very small tradeoff in terms of matching the price changes of the derivative and hedging portfolio can be paid to also obtain a very good match for other Greeks. We demonstrate that from the perspective of static or semi-static hedging, especially with transaction costs, the new approach delivers significantly improved performance as measured by various portfolio risk measures.
The second thrust of this paper deals with effective computation of the European option Greeks. The literature on computing option prices where market prices are driven by jump-diffusion processes, or exponential Lévy processes more generally, is quite rich. Some of the more standard methods include Andersen and Andreasen [1] , Cont and Tankov [7] , Briani et al. [4] , d'Halluin et al. [8] , Reiner [20] , Andriocopoulos et al. [2] , O'Sullivan [17] , Carr and Madan [5] , Raible [18] , Lewis [15] , Jackson et al. [11] , Lord et al. [16] . However, the list is by no means exhaustive. For an overview of numerical methods for option pricing under exponential Lévy models, see [10] , and specifically, for applications of Fourier transforms, see [6] . Unfortunately, the literature on computing the option Greeks under jump models is quite scarce and it is a void that our paper fills.
To compute option prices sensitivities we extend the Fourier Space Time-stepping (FST) method developed by Jackson et al. [11] . The FST method utilizes the advantages of Fourier transform methods by transforming the PIDE into Fourier space. One of the advantages of working directly in Fourier space is that the characteristic exponent of an independent-increment stochastic process can be factored out of the Fourier transform of the infinitesimal generator of the Lévy process. Consequently, applying Fourier transform to the PIDE yields a linear system of easily solvable ordinary differential equations (ODE). Note that the characteristic exponent is available in closed form for all independent-increment processes through the Lévy-Khintchine formula. The FST method is efficient, requiring only two fast Fourier transform (FFT) evaluation to propagate option prices backwards in time (for a range of spot prices). By differentiating the analytic solution for the option price in Fourier space, we obtain a closely-related expression for the value of option Greeks. The resulting method, called greekFST, is extremely efficient, computing option Greeks for a range of spot prices using only one extra evaluation of the FFT algorithm. Furthermore, it does not suffer from the instabilities associated with computing Greeks using finite difference methods.
The outline of this paper is as follows. Section 2 introduces the Fourier transform-based solution to the option pricing PIDE under jump-diffusion and exponential Lévy models developed by Jackson et al. [11] . Based on this solution, Section 3 develops the analytic solution and the numeric method for computing option Greeks. Section 4 generalizes the hedging strategy of Kennedy et al. [14] by augmenting the objective function to include not only the expected portfolio price hedging error but also expected portfolio Greeks hedging errors. The advantages of the generalized hedging strategy are demonstrated under various scenarios and portfolio shortfall measures. The paper concludes in Section 5.
2 Fourier space solution of PIDEs One way to represent the price dynamics of an index or stock which follows an exponential Lévy process is to write it as S(t) = S(0)e X(t) , where X(t) is a Lévy process with characteristic triplet (γ, Σ, ν), γ represents the vector of unadjusteddrifts, Σ represents the variance-covariance matrix of the diffusions, and ν is the multi-dimensional Lévy density.
The above specification for the dynamics of underlying assets allows for an infinite number of equivalent risk-neutral measures. In this paper we work with a particular risk-neutral measure Q chosen by determining the drift once the volatility and jump density are specified. In particular, γ is chosen such that E 0 e Xj (1) = e r for each j = 1, . . . , d .
Using the fundamental theorem of asset pricing, it is well-known that the discount-adjusted and log-transformed price process v(t, X(t)) e r(T −t) V (t, S(0)e X(t) ) is a martingale under the measure Q. Consequently, the associated drift term of its defining SDE is identically zero. Applying the zero-drift condition on v(t, X(t)), together with its boundary condition at maturity, leads to the pricing PIDE
where ϕ(S) is the payoff function and L is the infinitesimal generator of the multi-dimensional Lévy process which acts on twice-differentiable functions g(x) as follows:
Fourier and Laplace transforms have been used extensively to solve PDEs, either by transforming the equation into an ODE or expressing the solution as an infinite series. The aim of this section is to develop a Fourier transform-based methodology for solving PIDEs of the form (1). The main advantage of such approach is that the PIDE can be handled efficiently, without the additional complexities associated with the integral term. Additionally, the algorithm is applicable to any independentincrement stock price model which admits a closed-form characteristic function.
A function in the space domain g(x) can be transformed to a function in the frequency domainĝ(ω), where ω is given in radians per second, and vice-versa using the continuous Fourier transform (CFT)
CFT is a linear operator that maps spatial derivatives ∂ x into multiplications in the frequency domain:
Consequently, applying the CFT to the infinitesimal generator L of X(t), defined by equation (2) , allows the characteristic exponent of X(t) to be factored out:
For example, the characteristic exponent for the Merton jump-diffusion model
Applying the Fourier transform to the entire pricing PIDE (1) leads to
The PIDE is therefore transformed into a d-parameter family of ODEs (7) parameterized by ω. Given the value ofv(T, ω), the system is easily solved to find the option value at time t < T :
Taking the inverse transform leads to the final result
Armed with the Fourier transform-based solution of the pricing PIDE (1), the numerical algorithm is straightforward. For path-independent options the price is obtained in one step by directly applying equation (9) similar in spirit to Car and Madan [5] . For path-dependent options a time-stepping algorithm is used to apply boundary conditions or impose exercise constraints.
Consider a partition of the truncated stock price domain Ω = [x min ,
x n = x min + n∆x and ∆x = (x max − x min )/(N − 1). Recall that x = ln(S/S(0)); alternatively, if pricing around the strike price is required, the scaling x = ln(S/K) can be chosen. Analogously, consider a partitioning of the time and frequency domain Ω = [0, ω max ] into a finite mesh of points {ω n |n ∈ [0, . . . , N/2] d }, where ω n = n∆ω and ∆ω = 2ω max /N . ω max = 1 2∆x is chosen to be the Nyquist critical frequency. Note that v(t, x) is a real-valued function and thusv(t, −ω) =v(t, ω). The Fourier transform for negative frequencies is neither required nor computed and the frequency grid has half as many points as the spatial grid. Also, let t = t 0 , t, . . . , t M = T, ∆t m = t m −t m−1 be a discretization of the time domain into M intervals.
Let v m represent v(t m , x) at the node points of the partition of Ω at time t m , and letv m representv(t m , ω) at the node points of the partition Ω at time t m . The frequency domain prices are obtained from the spatial domain prices by approximating the CFT using discrete Fourier transform (DFT), which in turn are computed using the FFT algorithm:
The above specification for the Lévy process induces the dependency among the components of the process through the diffusive part only. Other characterizations of the components' dependence exist in the literature; see, e.g., Lévy copulas in [13] . However, they may not necessary lead to an infinitely divisible distribution and a closed-form characteristic exponent. In such cases, one approach is to evaluate the characteristic exponent numerically; see, e.g., [21] for treatment of Lévy processes with co-dependent jumps driven by copulas.
3 Computing Greeks Option Greeks are sensitivities of the option value to changes in the price of the underlying spot price or model parameters and play a paramount role in constructing derivative hedging portfolios. A single option or a whole portfolio of options can be immunized from gains or losses by taking offsetting position in the underlying and/or other options, with the size of the offsetting position determined by the value of the various Greeks. This section develops a Fourier transform-based method, called greekFST, for computation of option Greeks.
While a wide range of methods exist for numerical pricing of options, the literature on computation option Greeks is very limited. Delta and Gamma can be obtained using finite differences approximation from the option prices grid for a range of spot prices (which can be obtained using finite differences or other methods). Unfortunately, such approach suffers from instability for derivatives with discontinuous payoffs and special care must be taken in such scenarios; see, e.g., [19] . For sensitivities to model parameters, one must use finite differences, solving for option prices multiple times.
The main idea behind the greekFST method is to obtain a Fourier transform-based solution to the option Greeks, analogous to the Fourier space solution for the option price (9) . Option price sensitivities to the price of the underlying (Delta and Gamma) can be readily obtained by leveraging the derivative property of Fourier transform. Furthermore, option price sensitivities to model parameters (Vega, Rho, etc.) can be obtained by differentiating the option price solution (9) with respect to the given parameter. For any Greek, including mixed Greeks such as Vanna or Charm, we show that the Fourier transforms of the option Greek can be computed from the Fourier transform of option value via multiplication by a analytically-computed constant term.
Based on the analytical solutions for the option Greeks, we present an efficient numerical scheme for computing Greeks for European options. Computation of European option prices within the Fourier Space Timestepping framework requires three steps -compute the discrete Fourier transform of option payoff, propagate option prices backwards in time in frequency space and obtain the option prices in real space via the inverse discrete Fourier transform. Having obtained the Fourier transform of option values, the computation of each Greek requires multiplication of the Fourier-transformed option price by an analytically-computed term and application of inverse discrete Fourier transform [DFT] .
Utilizing the FST framework to compute option Greeks has multiple advantages. First, option prices and Greeks are obtained for a range of spot prices. This becomes extremely useful in computation of hedging portfolios, as discussed in the following chapter. Second, the greekFST method is extremely efficient, as the computation of option price and K various Greeks requires only K+2 FFT evaluations. Furthermore, as our numerical examples demonstrate, the greekFST method does not suffer from stability problems for options with discontinuous payoffs. Finally, the greekFST method is generic in the sense that it can be applied to options with arbitrary payoffs (without requiring the analytic Fourier transform of the payoff) and works under any exponential Lévy model.
Sensitivities to change in state variables
Delta measures the sensitivity, or the rate of change, of the option price v with respect to the change in the price of the underlying S. The Fourier transform of Delta can be computed from the Fourier transform of option values via multiplication by a constant term:
Note that k denotes the dimension of the underlying asset with respect to which the derivative is computed. Applying the theory developed in the previous section, the greekFST method for computing the Deltas at time t m−1 , given option values at time t m , can be expressed in discrete space as
Note that above we compute the sensitivity of option price with respect to the log price x. The sensitivity with respect to the actual price S can be readily obtained via the change of variables
Gamma measures the rate of change of Delta with respect to the change in the price of the underlying. Alternatively, Gamma is the second derivative of the option price with respect to the spot price. In multi-asset options, mixed Gamma is the mixed second derivative of option price with respect to two distinct spot prices. Similarly to Delta, the Fourier transform of Gamma can be computed from the Fourier transform of option values via multiplication by a constant term:
and the greekFST method for computing Gamma is then given by
For the mixed Gamma, a similar result is obtained:
with the greekFST method for mixed Gamma is easily shown to be
Again, notice that computation of sensitivities with respect to the spot price S requires a straightforward application of the chain rule. Theta measures the rate of change of option value with respect to the passage of time. The Fourier transform of Theta can be obtained directly from the option pricing ODE in Fourier space. (17) ∂ tv (t, ω) = −Ψ(ω) ·v(t, ω).
Similarly to Delta and Gamma, Theta can be computed from the Fourier transform of option values via multiplication by a constant term:
The greekFST method for computing Theta is then given by
Alternatively, the same expression for Theta can be obtained by differentiating the solution to the option price ODE discussed below.
First-order sensitivities to change in model parameters
The sensitivities of option prices to changes in model parameters can be computed by differentiating the ODE solution (8) with respect to model parameter :
= ∂ Ψ(ω)(T − t) ·v(t, ω).
Here, we assume that ∂ v(T, ω) = 0, i.e., that the option payoff does not depend on model parameters. This is not so in the case of interest rate derivatives and discussed in greater detail in [12] . Applying the inverse Fourier transform gives the solution to the first-order Greek
where ∂ Ψ(ω) is the derivative of the characteristic exponent with respect to the parameter . For the commonly used models, such as geometric Brownian motion, Merton and Kou jump-diffusions, variance gamma, normal inverse Gaussian and Carr-Geman-Madan-Yor, the characteristic exponent Ψ(ω) is available in closed form and ∂ Ψ(ω) can also be computed in closed form. In other cases, where the characteristic
Interest rate r iω function is not available explicitly, its derivative needs to be approximated numerically. Table 1 gives the derivatives of the characteristic exponent for the Merton jump-diffusion model (characteristic exponent derivatives for other models can also be readily computed but not given here). The greekFST method for computing the sensitivity is then given by
Alternatively, one can consider the ODE for the Fourier transform of the first-order Greek
This ODE is easily solvable and yields the same result as obtained above. Note that v(t, x) is the discount adjusted option price. By applying the chain rule, the constant term for the Rho of the unadjusted option price is obtained by using ∂ r Ψ(ω) − 1 :
Second-order sensitivities to change in model parameters
The second order sensitivities of option prices to changes in model parameters can be computed by differentiating the ODE solution (9) with respect to model parameters and :
Here, we again assume that ∂ ṽ(T, ω) = 0 and ∂ ṽ(T, ω) = 0. Applying the inverse Fourier transform gives the solution to the second-order Greek:
The greekFST method for computing mixed Greek is then given by
When = the solution to the Fourier transform of the Greek trivially reduces to
and the corresponding greekFST method is then given by
Alternatively, one can consider the ODE for the Fourier transform of the second-order Greek:
This ODE is easily solvable and yields the same result as obtained above. Note that the computation of both the option values and any Greeks at time t m−1 requires the DFT of option valuesv m−1 . This DFT can be reused, so that the computation of both the option values and the K different Greeks requires only K + 2 FFT evaluations instead of 2K. Figure 1 Similarly, Figure 6 in the Appendix depicts the errors for the computation of option price and Greeks for the binary call option under Merton jump-diffusion model with parameters as in Figure 1 . The method decreases to first order convergent because of the discontinuity of option prices.
Examples
Note that in all plots the dips in the error plots occur due to oscillation of the computed value around the true value. When the difference between the values changes sign due to such oscillation, the log of the absolute error tends to −∞. While the Greeks for the two test cases above have semi closed-form solutions 2 , their purpose is to demonstrate the precision and convergence of the greekFST method. As previously mentioned, the greekFST method is generic and can be used to compute Greeks for (possibly multi-asset) options with arbitrary payoffs under any exponential Lévy model.
Generalized hedging strategy
The work of Kennedy et al. [14] develops an effective hedging strategy to minimize the risk embedded in the jump of the price of the underlying. Unfortunately, jumps in the price of the underlying are not the only source of risk in a long-term static hedging strategy. Changes in market implied volatility, jump arrival rate or size, or interest rate can cause significant mishedging. In this section we introduce a generalized hedging strategy that minimizes not only the hedging portfolio price variance but the variance in portfolio Greeks as well. Such generalization allows to construct robust hedging portfolios that are effective not only in the presence of jumps of the underlying asset but also under changes in market model parameters.
To provide some intuition on this point, consider the prototypical example of an option seller Delta hedging the sale of a call option. She buys Delta shares of the underlying stock, and dynamically rebalances this Delta over time. However, a dramatic change in the value of the underlying will leave her unable to rebalance. Since as an option seller she is short Gamma such a jump in the stock price can leave her exposed to large losses. So she might decide to take a long Gamma position by purchasing a call (or a put) on the same underlying asset, but with different strike or maturity. The resulting combined position will still be delta hedged, but will be designed to reduce her overall portfolio gamma. So a static-dynamic hedge can be created which involves a static (or semi-static) position in another derivative contract as well as a dynamically rebalanced position in the underlying.
Of course, option sellers are not exposed simply to price gap risk. The dramatic change in any of the financial quantities deemed constants by Black Scholes (volatility, interest rate, the very idea that the price is a diffusion) can lead to hedging losses. So to guard against each of these losses a static hedge in another option can be assembled. Every such hedge incurs transaction costs and increases portfolio complexity, and will only be worthwhile if the risk it avoids is substantial. Hence we might want to track the various Greeks even if we don't end up hedging them. To extend this idea somewhat, we might manage the 'parameter' risk by statically hedging more than one parameter risk with a single vanilla option. Intuitively, since Gamma and Vega risk are quite similar (see, for example, Figures 5 and 6 ), we can probably hedge them both with the same instrument. More generally, we can see how well we can do hedging M Greeks with N < M vanilla options. In the next paragraph we provide a mathematical framework for this optimization.
In this section, we largely follow the notation of He et al. [9] and Kennedy et al. [14] . Consider a hedging portfolio for the option V consisting of B units of cash, e units of the underlying asset S and N hedging instruments I = [I 1 , I 2 , . . . , I N ] with weights φ = [φ 1 , φ 2 , . . . , φ N ]. Combined with a short position in the derivative being hedged, the hedging portfolio has value
The hedging portfolio is chosen to minimize the expectation of the square of the change in the hedged position due to arrival of a jump:
.
Here, ∆ I n = I(T, S(T )) − I(t n , S(t n )), ∆S n = S(T ) − S(t n ), ∆V n = V (T, S(T )) − V (t n , S(t n )), and Υ n = Υ(e n , φ n ) is the transaction cost to rebalance the portfolio:
where α and β are the transaction costs for trading in the hedging instruments and the stock respectively. The parameter ξ, specified by the hedger, represents the tradeoff between optimally hedging the derivative and minimizing the transaction costs. One may also impose additional constraints such as Delta or Vega neutrality.
Since the objective function is quadratic in the unknowns, the optimality requires that
Unfortunately, unexpected movement in the stock price is not the only source of risk when hedging derivatives. Changes in model parameters, such as market implied volatility or jump arrival rate/size, can lead to poor performance of the hedging portfolio. While the above approach allows the neutrality of various Greeks to be enforced at the current spot price, it does not allow to construct hedging portfolios that remain neutral to changes in the model parameters after changes in the underlying asset price. To mitigate this issue, we propose a more flexible hedging strategy (generalizing the approach of Kennedy et al. [14] ) where the hedging portfolio is chosen to minimize the weighted expectation of the square of the change in the hedged position price as well as the Greeks:
Here, D ∈ {∅, ∂ S , ∂ 2 S , ∂ σ , ...} is a set of partial derivatives with respect to various state variables and model parameters. The weights ξ D represent the importance of the various components of the objective function associated with the various Greeks. As minimization of the price variance, Greeks variance and transaction costs are competing objectives, they must be weighted using weights ξ and ξ D . Since the objective function is quadratic in the unknowns, the optimality requires that
Matrix elements of the linear system for the hedging portfolio weights depend on the various expectation terms in equations (37a)-(37b), such as E tn ∆(DI k )∆(DI j ) , E tn ∆(DV )∆(DS) and E tn ∆(DI k )∆(DV ) . The computational efficiency of the greekFST method allows to compute these expectation very quickly. Since the Greeks are computed for a range of spot prices, the expectations can be readily computed by applying the trapezoid (or higher order) rule on the products of two Greeks and the probability density function. While it is possible to utilize the convolution property of Fourier transform in order to compute the aforementioned expectation terms, our numerical experiments show that this approach is neither more efficient nor more precise.
As an example, consider the problem of hedging a binary call option with parameters K = 100 and τ = 2/52 using European call options with strikes K = 95, 100, 105, 110 and European put options with strikes K = 90, 95, 100, 105; all hedging instruments have maturities τ = 1/52, 3/52. Figures 3(a) and 3(b) depict the Vega and the Alma of the hedged derivative and the two hedging portfolios. While Vega of both portfolios matches the Vega of the derivative at S = 100 (by construction), it is no longer so when stock price drifts away from S = 100. However, by minimizing the expected Vega changes, the generalized hedging portfolio maintains the Vega neutrality significantly better. Although we do not minimize the expected Alma changes explicitly, the generalized hedging strategy attains a better match for this Greek as well. The better fit to derivative Greeks under the generalized hedging strategy manifests in better hedges under significant shock in model parameters. In Figure 4 cases the generalized hedging portfolio retains its neutrality to changes in the underlying asset price better than the original hedging portfolio.
The better performance of the generalized hedging portfolio does not come for free-the price to pay is the increased transaction cost to setup such portfolio. With transaction costs of 1% it costs 0.2899 to purchases the hedging instruments in the original hedging portfolio vs 0.4679 to buy the hedging instruments in the generalized hedging portfolio (an increase of 61%).
Conclusions
In this article we introduced a generalized hedging strategy, which minimized expected portfolio price and Greeks variance. This approach allows to construct efficient hedging portfolios over long horizons and for non-stationary model parameters. Furthermore, we developed a new and efficient numerical method for computation of European option Greeks under jump-diffusion models. The method is based on the Fourier transform solution of the option pricing PIDE and computing option Greeks for a range of spot prices using only one extra evaluation of the FFT algorithm. Furthermore, it does not suffer from the instabilities associated with computing Greeks using finite difference methods.
Although the analytical framework developed in this paper can be readily leveraged for pricing and hedging of multi-asset derivatives, we have restricted our numerical examples to the one-dimensional case only. Working in multi-dimensional setting presents multiple challenges associated with grid-based numerical methods-loss of precision due to exponentially increasing memory and processing requirements. Furthermore, the hedging strategy must be extended to allow for simultaneous moves in multiple assets. As such, we felt that these issues are significant and need a thorough treatment in a separate body of work.
MATLAB code both for computing Merton jump-diffusion model Greeks and for constructing general hedging portfolios is available on http://fst-framework.sourceforge.net.
